Abstract. Topos properties of the category of covering groupoids over a fixed groupoid are discussed. A classification result for connected covering groupoids over a fixed groupoid analogous to the fundamental theorem of Galois theory is given.
Introduction
The theory of covering spaces is one of the most beautiful theories in classic algebraic topology [5] . After studying the relations between the fundamental groupoids of covering spaces and those of base spaces, it is not hard to extend to the case of general groupoids and to give the definition of covering groupoids. Since groupoid is an algebraic object and its nth homotopy groups vanish for n ≥ 2, it is relatively easier than the case of spaces. Many mathematician deal with the theory of covering spaces using that of covering groupoids (c.f. [1] ).
Brown [1] and Higgins [2] have elegantly treated with covering groupoids. They give the definition of covering projection of groupoids, concisely prove covering homotopy theorem, unique lifting theorem and existence theorem of covering groupoids, gracefully apply the theory of covering groupoids to group theory.
In this paper we regard a groupoid with the sets of all arrows having same codomain on each object as a Grothendieck site, the category of covering projections over such a groupoid is equivalent to the category of sheaves on such a Grothendieck site. From the viewpoint of topos theory, covering groupoids have some analogous properties ofétale spaces rather than those of covering spaces. We explicitly describe the subobject classifier and exponentials in the category of covering projections in Sec. 2.
In Sec. 3 we study covering transformations and orbit morphisms of connected covering projections. It is shown that connected covering groupoid over a base groupoid is equivalent to an orbit groupoid which is a universal covering groupoid over such a base groupoid modulo some covering transformation group. The family of subgroups of covering transformation group of a universal covering projection and the family of equivalence classes of connected covering groupoids form two lattices. We have a classification result (Theorem 3.12) for the equivalence classes of connected covering groupoids which say that there is an order-reversing bijection between the two lattices. where p and q are covering projections. It is convenient to just write such an arrow as f . The groupoid-morphism f : H → K is also a covering projection since for every object H ∈ Ob(H) there exist bijections t(H) ∼ = t(pH) ∼ = t(qf H) ∼ = t(f H).
For any groupoid G, denote the set of connected components of G by π 0 (G). For any object G ∈ Ob(G), all arrows G → G in G form a group. We denote this group by π(G, G) and call it as the fundamental group of G at G (Higgins calls it as vertex group at G and Brown calls it as object group at G). Let p :G → G be a covering projection, it is clear that π(G,G) is isomorphic to the subgroup
Given a groupoid-morphism f : F → G, if f induces a bijection f * : π 0 (F) → π 0 (G) and an isomorphism f * : π(F, F ) → π(G, f F ) for each F ∈ Ob(F), we call f as a weak equivalence. A groupoid-morphism is a weak equivalence and a covering projection if and only if it is an isomorphism.
Higgins (Corollary 35 [2] ) and Brown (Theorem 9.3.3 [1] ) prove the following unique lifting theorem: Theorem 2.3 (Unique lifting theorem). Let (G, p) be a covering groupoid of G with pG = G whereG ∈ Ob(G) and G ∈ Ob(G), and f : F → G a groupoid morphism with f (F ) = G where F ∈ Ob(F ) such that F is connected. Then f lifts to a morphismf : F →G withf (F ) =G if and only if f * π(F, F ) ⊂ p * π(G,G), and if this lifting exists, then it is unique.
For every subgroup Γ of the fundamental group π(G, G) of G at G, Higgins [2] and Brown (Theorem 9.4.3 [1] ) also prove the following covering-groupoid existence theorem:
Theorem 2.4 (Existence). Let G be an object of the connected groupoid G, and let Γ be a subgroup of the fundamental group π(G, G), then there is a covering groupoid
Let G be a connected groupoid, there exists a connected covering groupoidG of G with trivial fundamental group from the existence theorem. For every covering groupoid H of G,G is a covering groupoid of H from the unique lifting theorem. This groupoidG is called a universal covering groupoid of G.
Let p :G → G be a covering projection, each component ofG covers a components of G. For every component of G its preimage is the union of components iñ G covering it. Without lost of generality we assume that the base groupoid G is connected.
Write CON COV(G) for the subcategory of COV(G) in which the objects are connected covering projections.
Given a Grothendieck topology J on the groupoid G defined by S ∈ J(G) iff the sieve S is nonempty.
i.e., J is the atomic topology on G [4] , J is the minimal topology [3] (there are only two topologies on the groupoid G -the maximal topology and the minimal topology). Every presheaf on the site (G, J) is a sheaf, i.e., Sets
. Each covering projection p :G → G over G determines a G-indexed family {H G |G ∈ G} of groupoids, consisting of the faithful and full subgroupoids ofG
its objects are the elements in the set p −1 ob {G} inG, where p ob is the restriction of p on objects p ob : ob(G) → ob(G). For each arrow f : D → C in G and each objectC ∈ H C , the map t(C) → t(C) is bijective, hence there exists a unique arrow fC :C →D inG such thatD ∈ H D and (pfC)
Define a map f s : s → t. It's easy to verify that H f = {fC, f s } is a morphism H f : H C → H D of groupoids. f is invertible, so is H f , hence groupoids H C and H D are isomorphic.
Given a covering groupoid (G, p), a contravariant functor H is determined from the groupoid G to the category of groupoids. The action of H on the object G of G is the groupoid H G and on the arrow f of G is the groupoid-morphism H f . Hence (G, p) determines a sheaf of groupoids H on the site (G, J). Let p :G → G be a connected covering projection, the groupoids H C and H D are isomorphic ( call them as fibres over C and D, respectively). Hence there is a bijection between the sets Ob(H C ) and Ob(H D ), they have same cardinal denoted by |Ob(H C )|. When the cardinal is a finite number n, we call p an n-fold covering.
Remark 2.6. Higgins (Proposition 30 [2] ) shows that the category COV(G) is equivalent to the functor category Sets G . Let G op be the opposite of G, the category COV(G op ) is equivalent to the category COV(G), hence COV(G) is equivalent to Sets G op (it is Sh(G, J)). So COV(G) is a Grothendieck topos. From Proposition 2.5 it is clear that Sh(G, J) is equivalent to a subcategory of the category of sheaves of groupoids GpdSh(G, J) on the site (G, J).
For any topological space X, it is well-known that there is an equivalence of categories Λ :
where Sh(X) is the category of all sheaves over X, Etale(X) is the category of alĺ etale bundles over X, Λ assigns to each sheaf P the bundle of germs of P and Γ assigns to each bundle p : Y → X the sheaf of all cross-sections of Y . From above remark we know that there is an equivalence of categories
From this comparison category COV(G) is similar to category Etale(X). From the definition ofétale map p : E → X, p is a local homeomorphism: To each e ∈ E there exists an open set V with e ∈ V ⊂ E such that pV is open in X and p| V is a homeomorphism V → pV . But the definition of groupoid covering projection p :G → G requires p is also "local" bijection: To eachG ∈ Ob(G) and its neighbor t(G) there is a bijection t(G) → t(pG). Hence covering groupoids have some analogous properties ofétale spaces of X rather than those of covering spaces of X. The category COV(G) has initial object the empty covering 0 : ∅ → G and terminal object the identity covering 1 : G → G. Since COV(G) is a topos, it is closed under all pushouts and pullbacks. CON COV(G) is a subcategory of COV(G), hence in CON COV(G) any two morphisms with common domain have pushout in COV(G). Since these morphisms are connected covering projection, the pushouts is also connected, hence CON COV(G) is closed under pushouts. But it does not need to be closed under pullbacks since pullbacks may be non-connected. For example, let G be a groupoid with nontrivial fundamental groups and (G, p) a connected universal covering groupoid, then the pullback of p and itself is not connected. Hence CON COV(G) is not a topos.
The presheaf category Sets G op has a subobject classifier Ω defined on objects by
The universal monic "true" morphism is the natural transformation true : 1 → Ω such a "true" assigns to each object G of G a function true G : 1(G) → Ω(G) with true G ( * ) = t(G) where * is the unique element in 1(G).
Translate into the language of COV(G), the category COV(G) has a subobject classifier the covering projection
where G ⊔ G is the disjoint union of G and itself.
The universal monic "true" morphism is the inclusion covering projection
there is a unique arrow φ which, with the monic true :
hence all subobjects of H are the equivalence classes of the unions of its connected components. When H is connected, it has just two subobjects ∅ and the equivalence class of itself. If p :G → G be a nonempty connected covering projection, then p is epi. Since if there exist two groupoid-morphisms s, t : G ⇉ K with sp = tp, for every
When S is nonempty, H is connected and s : S H is monic, s is epi since s is a nonempty connected covering projection, hence s is an isomorphism. This coincides with above argument. The category CON COV(G) has not subobject classifier.
A topos E is said to be Boolean iff for every object E of E the partially ordered set Sub(E) of subobjects of E is a Boolean algebra. For every covering groupoid (H, q) in the topos COV(G), the partially ordered set Sub(H) is isomorphic to the power set P(H) of the set of connected components of H. Power set is Boolean, so Proposition 2.7. The topos COV(G) is Boolean.
The topos Sets
G op has exponentials. Assume that Q, P, R ∈ Sets G op and yC = Hom G (−, C) the representable functor, the presheaf Q P exists by Proposition I.6.1. [4] such that HomĜ(R × P, Q) ∼ = HomĜ(R, Q P ) whereĜ is just the topos Sets
i.e., Q P (C) is the set of all natural transformations θ :
are bijections, where Hom(g, C)(f ) = f g when f ∈ Hom G (C, C).
The natural transformations θ correspond exactly to the sets {θ C , C ∈ Ob(G)} such that for every arrow g : D → C in G, the following diagram is commutative
where Hom G (C, C) is just the fundamental group of G at C, the sets of all P (g) and Q(g) can be regarded as the right action of Hom G (C, C) on P (C) and Q(C), respectively. Given x ∈ P (C) and y ∈ Q(C), write P (g)x as xg and Q(g)y as yg, respectively.
Similarly, there exists a commutative diagram
where Hom G (C, C) acts right on itself by multiplication. Q P is a contravariant functor, for g :
For the corresponding case of θ C , g * θ C is the composite
6 n n n n n n n n n n n n n g * θ C can be regarded as the right action of g on θ C , write θ c g for
Given any map α : x) g, so θ C satisfies the equivariant map property.
θ C corresponds exactly to α, hence
The group Hom G (C, C) acts right on Q P (C): for g ∈ Hom G (C, C) and α ∈ Q P (C), αg is a map such that for x ∈ P (C)
is the bottom arrow in the following diagram
i.e., Q P (g)(α) = Q(g)α(P (g)) −1 (both P (g) and Q(g) are bijective). When g ∈ Hom G (C, C), Q P (g)(α) is just αg. Now we return to the case of covering groupoids. Given two covering projections of groupoids p : H → G and q : K → G, the exponential p q : H K → G is defined as follows. The groupoid H K has as the objects the maps α : Ob(K G ) → Ob(H G ) and as arrows g * : α → H g α(K g ) −1 . The covering projection is p q (α) = G and p q (g * ) = g. If we take every α mapping to one point, it is easy to know that H is a subgroupoid of H K . The simplest case is (G G , 1 1 ) = (G, 1). Both H and K are connected, but H K does not need to be connected, hence the category CON COV(G) has not exponentials.
Theorem 2.8. Let f : H → G be a morphism of groupoids, the pullback p ′ of the covering projection p along the morphism f
is a covering projection. f induces a morphism of topoi f * : COV(G) → COV(H) such that the subcategory generated by f * (COV(G)) is equivalent to the functor category generated by F f where F f is a functor
Proof. For everyH ∈ Ob(H), it is easy to see that t(H) ∼ = t(p ′ (H)) from the definition of pullback of groupoids. There is a commutative diagram
up to isomorphism. Both vertical arrows are equivalent, so are the images of both horizontal arrows, then the categories which they generate are equivalent.
Covering transformation
It is well-known that the theory of covering spaces is analogous to Galois theory. The theory of covering groupoids has same analogy. In this section we give the detailed description. Suppose that F is a subfield of a field E. Recall that Gal(E/F ) = { automorphisms σ : E → E | σ fixes F pointwise}.
If i : F ֒→ E is the inclusion, then an automorphism σ of E lies in Gal(E/F ) if and only if the following diagram commutes:
In the case of covering groupoids, we expect that there is an isomorphism h :G →G which lies in a group if and only if the following diagram commutes:
and such a group has analogous property of Gal(E/F ). Since the arrows in second diagram are reversed to those in first diagram, we can regard the theory of covering groupoids as a "co-Galois theory". In this analogy, universal covering groupoids will play the role of algebraic closures. In this section we restrict all covering projections to be connected.
Theorem 3.1. Let (G, p) be a connected covering groupoid of G, let G ∈ Ob(G), and let H G be the fibre over G. Then (i) π(G, G) acts transitively on Ob(H G ).
(ii) IfG ∈ Ob(H G ), then the stabilizer ofG is p * π(G,G).
Proof. (i) Define a function Ob(H
Since there is a unique arrowf ∈ t(G) with pf = f , letGf = dom(f ) the domain of arrowf . The identity arrowẽ ∈ t(G) corresponds to the identity arrow e ∈ π(G, G), soGe =G. For any two arrows f, g ∈ π(G, G), there exist unique arrowsf ∈ t(G) andg ∈ t(dom(f )) with pf = f and pg = g, thenG(f g) = dom(fg) = dom(g), and (Gf )g = (dom(f ))g = dom(g), soG(f g) = (Gf )g. This function is an right action. Given any two objectsG,G ′ ∈ Ob(H G ), sinceG is connected, there exists an arrowf :G ′ →G, henceG ′ = dom(f ) =G(pf ). This action is transitive.
(ii) If f ∈ π(G, G) such thatGf =G, then there existsf ∈ π(G,G) with pf = f , hence f ∈ p * π(G,G). For the reverse direction, any f ∈ p * π(G,G), there exists f ∈ π(G,G) with pf = f , since t(G) and t(G) are bijective, thisf is unique, hencẽ Gf = dom(f ) =G.
(iii) it is an easy result form group theory.
If covering projection p is n-fold, form Theorem 3.1 (iii) we know [π(G, G) :
A covering projection p :G → G of groupoids is called regular if for every objectG ofG the group p * π(G,G) is a normal subgroup of π(G, pG). It is shown [1, Theorem 9.6.4] that when p is a connected covering projection p is regular if and only if for given any loop in G (i.e., an element in any fundamental group of G), either every lifting or none is loop inG.
If (G, p) is a covering groupoid of G, then a covering transformation is an isomorphism h :G →G with ph = p, that is, the following diagram commutes:
~~~~~G
Define Cov(G/G) as the set of all covering transformations of (G, p). It's easy to see that Cov(G/G) is a group under composition of groupoid-morphisms.
Theorem 3.2. If p :G → G is a connected covering projection of groupoids, then p is regular if and only if Cov(G/G) acts transitively on Ob(H
Proof. It's obvious that the group Cov(G/G) acts on the set Ob(H G ). We have to prove that when p is regular the action is transitive. LetG,
There exists a unique morphism h :G →G with ph = p and h(G ′ ) =G by the unique lifting theorem. Similarly, there exists a unique morphism k :G →G with pk = p and k(G) =G ′ . By uniqueness hk = 1 and kh = 1, so h is an isomorphism and h ∈ Cov(G/G).
Conversely, assume that Cov(G/G) acts transitively on Ob( 
Proof. These are easy results from the unique lifting theorem.
Corollary 3.4. A connected covering projection p is regular if and only if Cov(G/G) acts principally on Ob(H
Proof. The first statement follows from Theorem 3.2 (transitivity) and Lemma 3.3 (freeness). The second statement follows from Theorem 3.1 (ii) and (iii).
We can extend previous corollary to general case.
where
Proof. At first, we construct a group homomorphism φ : 
. φ is injective. Suppose that g ∈ Cov(G/G) and g(G ′ ) =G. SinceG is connected, there exists an arrowã :
. Since φ(a) ∈ Cov(G/G) and φ(a)(G ′ ) =G, by the uniqueness, φ(a) = g. So φ is also surjective.
Let p :G → G and q :H → H be two connected universal covering projections. Let f : H → G be a morphism of groupoids, a groupoid-morphismf :H →G is said to be a covering of f if there is a commutative diagram
, define f # to be the bottom morphism of the following commutative diagram
The equation holds by diagram chasing.
Let Γ be a group and G a groupoid. An action of Γ on G assigns to each γ ∈ Γ a morphism of groupoids γ * : G → G such that 1 * = 1 : G → G, and if γ, τ ∈ Γ then (γτ ) * = γ * τ * . If γ ∈ Γ, G ∈ Ob(G) and a ∈ Mor(G), write γG and γa as the actions of γ on G and a, respectively.
An orbit groupoid of the action is groupoid G/Γ together with a morphism p : G → G/Γ such that (a) If γ ∈ Γ and g ∈ Mor(G), then p(γg) = p(g); (b) The morphism p is universal: if f : G → H is a morphism of groupoids such that f (γg) = f (g) for all γ ∈ Γ and g ∈ Mor(G), then there is a unique morphism f * : G/Γ → H of groupoids such that f * p = f . In other words, the following triangle commutes:
G/Γ can be obtained from G by imposing the relations γg = g for all γ ∈ Γ and all g ∈ Mor(G). Brown gives a construction of G/Γ in his book [1, Setion 9.10.]. 
where γ(dom(a)) = codom(b) and γ is unique since the action of Γ is free. Suppose that a ′ ∈ o(a) and b ′ ∈ o(b), there exist τ, ς ∈ Γ such that τ a ′ = a and ςb
) and Γ acts freely, then γτ = ςξ.
, so the composite is independent on the choice of representatives. The identity arrow is o(1) and the inverse is o(a)
. Define the orbit morphism p : G → G/Γ mapping the object G ∈ Ob(G) to o(G) and arrow a ∈ Mor(G) to o(a). It is obvious that p is a morphism of groupoids. The map p : t(G) → t(o(G)) is bijective: for a ∈ t(G) and 1 = γ ∈ Γ, γa ∈ t(γG) where
Hence p is a covering projection. Now Γ ⊂ Cov(G/(G/Γ)) because each γ ∈ Γ may be regarded as an isomorphism of G with pγ = p. Let o(G) ∈ Ob(G/Γ) and let G ∈ Ob(G) be such that p(G) = o(G), as the objects of the fibre over o(G) are {γG : γ ∈ Γ}, it follows that Γ, hence Cov(G/(G/Γ)), acts transitively on these objects. By Theorem 3.2, p is regular. Proof. Since Γ = Cov(G/G), there is an action of Γ onG assigning to each γ ∈ Γ the corresponding covering transformation. This action is free by Lemma 3.3, hence (G, q) is a regular covering groupoid ofG/Γ by previous lemma. Since p is a regular covering projection, Γ acts transitively on Ob(H G ) of the fibre H G over G by Theorem 3.2. Take anyG ∈ Ob(H G ), hence o(G) = Ob(H G ). Define ϕ(G) = o(G), it is independent on the choice ofG, so it is well-define. Hence we can define ϕ : Ob(G) → Ob(G/Γ). It is easy to see that ϕ is a bijection on objects.
and
Since r is a connected covering projection, it is a groupoid-epi, hence q ′ ϕ = ψq. From previous lemma, ϕ and ψ are isomorphisms, so (H, q) is equivalent to (G/Π, q ′ ). If Γ is a group, let Sub(Γ) be the family of all the subgroups of Γ, and define a partial order Φ Π to mean Φ ⊂ Π. Then Sub(Γ) is a lattice with Φ ∨ Π the subgroup generated by Φ and Π, and Φ ∧ Π = Φ ∩ Π.
Let (G, p) be a universal covering groupoid of G, and let Lat(G/G) be the family of all equivalence classes of covering groupoids (H, q, r) of G. The previous corollary shows that each equivalence class of covering groupoids can be expressed by representative (G/Γ, υ, p ′ ), where Γ is a subgroup of Cov(G/G). Define the partial order (G/Γ, υ, p ′ ) (G/Π, ω, q ′ ) to mean there exists a covering projection s :G/Π →G/Γ with sq ′ = p ′ . Then Lat(G/G) is a lattice withG/Γ ∨G/Π the component of their pullbackG/Γ × GG /Π whichG maps into, we still denote this component byG/Γ × GG /Π: 
